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Let (x,) be a sequence defined by x; =2 and x,.1 = Jx, +8 — Jx, +3, Vn € N.
a) Prove that (x,) is convergent and find its limit.
b) For each positive integer n prove that
n<xy+x2+...4x, <n+1.
Solution by Arkady Alt, San Jose, California, USA.

a)leth(x) = yx+8 — Jyx+3 = S .
) @) Jx+8 +Jx+3
Noting that 4(x) strictly decrease on (0,«) (calculus don’t needed because

Jx +8 + Jx + 3 strictly increase on (0,)) and #(1) = 1 we can conclude
that x = 1 is the only solution of equation /(x) = x on (0,0).
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Hence, lim(x, - 1) = 0 < limx, = 1.
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b) Let S, := x; +x2 +...+x,,n € N. We will prove using Math Induction that

(1) n<S,<n+1.

For n = 1 the inequality obviously holds. Also, since x, = /10 - J5 < 1

(V10 < J5+1 = 10<6+2/5 <2< .,/5) wehave2 < S, < 3.

For the Step of Math Induction we have to do some preparations.

Let 22(x) := h(h(x)) and g(x) := x + h(x). Since h(x) decrease on (0,%) then

h2(x) increase on (0,). Also g(x) increase on (0,x) as well. Indeed, for any

0 <x; <x2wehave g(xz) —g(x1) =x2—x1+ Jx2+8 — Jx; +8 — (sz+3 —Jx1+3> =

X2 — X1 X2 — X1 . (X2_X1)<JXQ+3 +Jx1+3—1> .
Jo+3+xi+3 Jxo+8 + Jx1 +8 Jx2+3 + Jx1+3
Since x; < 1 and x; > 1 then for any n € Nassuming x,, < 1 and xz,-1 > 1
we obtain Xon+2 = hz(Xz,,) < hz(l) =1 and Xop+l = hz(Xz,,_l) > hz(l) =1
Thus, by Math Induction x,, < 1 and x»,-1 > 1 forany n € N. Therefore, since
g(1) =1+ J1+8 —J/1T+3 =2 we obtain xa, + X211 = g(x2.) < g(1) =2,

Xon-1 + X2n = g(x2,-1) > g(1) = 2. And now we ready to complete the proof of (1).
Forany n > 2assuming k < Sy < k+1 fork=n-1,n we have:

1. fn=2mthen S, = Su1 +xom +Xomy1 <n+2and S,y1 =S, +Xom1 > n+1;
2. fn=2m—-1then S, =S, +xm >n+1and S, = Sy-1 +Xom1 + Xom < 1+ 2.
Thus, the proof is complete.
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